Abstract. We present a construction transforming a general connection Γ on a fibered manifold Y → M and a classical connection Λ on its base M into a classical connection on the total space Y by means of a vertical parallelism Φ and an auxiliary linear connection ∆. The relations to the theory of gauge-natural operators are discussed.
An important problem in the gauge theories of mathematical physics is how a principal connection Γ on a principal bundle P → M and a classical connection Λ on its base M induce a connection on the rth principal gauge prolongation W r P of P , [1] . In [3] , the authors determine all gauge-natural operators of this type. In [3] and [4] , it is clarified that this result is essentially based on an exponential map on P defined by Γ and Λ. In [4] we deduced that this exponential map arises from a classical connection on the total space P that is constructed from Γ and Λ.
In the present paper, we analyze how a general connection Γ on an arbitrary fibered manifold Y → M and a classical connection Λ on M induce a classical connection on the total space Y . We clarify that one can use a vertical parallelism Φ : Y × M E → V Y , where E → M is an auxiliary vector bundle and V Y is the vertical tangent bundle of Y , and a linear connection ∆ on E → M . We write (Γ, Λ, Φ, ∆) for the resulting classical connection on Y . Our construction covers two important special cases. The first one is the above-mentioned case of a principal connection, the second one concerns a linear connection on an arbitrary vector bundle. Both cases were discussed from the viewpoint of the theory of gauge-natural operators in [5] .
In various problems concerning prolongation of connections, we realized that the torsion of the resulting connection involves important information about the original objects, [5] . So we characterize completely the case (Γ, Λ, Φ, ∆) is torsion-free. In particular, we introduce the general concept of the covariant differential of a base-preserving morphism of fibered manifolds, that is based on our general theory of Lie differentation, [5] . As a special case, we obtain the concept of covariant differential D (Γ,∆) Φ of Φ with respect to Γ and ∆. The main result is formulated in Proposition 6.
All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notation from the book [5] . 
We writeã p q for the inverse matrix to a p q . A general connection Γ on Y can be considered either as a section [5] . In both cases, the coordinate expression of Γ is
The equations of a linear connection ∆ on E are
By a classical connection Λ on M we mean a linear connection on T M . Its coordinate expression is
Then the differential equations of the geodesics of Λ are
We construct the induced classical connection Ψ = (Γ, Λ, Φ, ∆) on Y as a section Ψ :
We take a vector field X on M such that j 1 x X = Λ(Z 0 ) and construct its Γ-lift ΓX : Y → T Y . Further, we consider a section s of E such that j
The coordinate expression of Ψ is (4) and
be the coordinate expression of X or s, respectively. Hence
Then the coordinate expression of ΓX + ϕ(s) is ξ i = X i (x) and
Differentiating this relation, we obtain (6).
By (4) and (6), (Γ, Λ, Φ, ∆) is a classical connection on Y that is projectable over the classical connection Λ on M .
In the case of vertical parallelism of product type, one usually considers the trivial connection on M × W with ∆ p qi = 0. Then we write Ψ = (Γ, Λ, Φ), cf. [4] .
The following lemma generalizes Lemma 3 from [4] .
of Λ is a geodesic of (Γ, Λ, Φ, ∆) for arbitrary Φ and ∆.
Proof. The Γ-lift satisfies
Differentiating (7) and using x i (t) is a geodesic of Λ, we obtain
But (7) and (8) annihilates the equations of geodesics corresponding to (4) and (6) for every Φ and ∆.
2. Two important special cases. On every principal bundle P (M, G) we have a canonical vertical parallelism of product type Π : P ×g → V P defined by the fundamental vector fields. For a principal connection Γ on P , we denoted (Γ, Λ, Π) = N (Γ, Λ) in [4] . (This connection was also studied in [5] from the viewpoint of gauge-naturality.) In [4] , we described all geodesics of N (Γ, Λ) as follows: If z(t) is a Γ-lift of a geodesic x(t) of Λ and g(t) is a one-parameter subgroup of G, then z(t) g(t) is also a geodesic of N (Γ, Λ). (In [4] we assumed that Λ is torsion-free, but one verifies easily that the proof remains unchanged for arbitrary Λ.) On every vector bundle E → M , we have a canonical vertical parallelism V determined by the well-known relation V E = E × M E. In [2] , see also [5, p.410 ], J. Gancarzewicz constructed a classical connection H(Γ, Λ) on the total space E from a linear connection Γ on E → M and a classical connection Λ on M by prescribing certain conditions on the absolute differentiation with respect to H(Γ, Λ). According to [5] , if
is the coordinate expression of Γ, then the equations of H(Γ, Λ) are (4) and
On the other hand, our construction yields a connection (Γ, Λ, V, Γ). (6), we obtain (10).
It is interesting that we can determine all geodesics even in the case of H(Γ, Λ). First we deduce
Proof. We have dz
Differentiating this relation and using (5), we obtain
Since x i (t), y p (t) is a geodesic, it satisfies
Then one verifies directly that y p + tz p satisfies (11) as well.
Consider an arbitrary tangent vector (ξ i , η p ) of E at (x i , y p ). Take the geodesic x i (t) of Λ in the direction ξ i and construct its Γ-lift
. We look for a Γ-lift x i (t), z p (t) such that the tangent vector of y p (t) + tz p (t) at 0 is η p . This means
3. The vertical torsion. We recall that an absolute parallelism on a manifold N , dim N = n, is a map S : N × R n → T N such that each restriction S(y, −) : R n → T y N is a linear isomorphism, [6] . Its coordinate expression is η p = a p q (y)w q . The vector fields S(−, w) : N → T N , w ∈ R n are called constant vector fields of S. Fixing the canonical basis of R n , we can interpret S as a section σ : N → P 1 N of the first order frame bundle of N . Then σ(N ) is a reduction of P 1 N to the unit subgroup {e}. We have j 1 σ : N → J 1 P 1 N , that can be viewed as a map of σ(N ) into J 1 P 1 N . Using right translations, we extend j 1 σ into a principal connection Σ on P 1 N that is equivalent to a classical connection on N , [5] . Direct evaluation yields that the Christoffel's of Σ are The torsion τ S of S is defined to be the torsion of Σ. A classical assertion (that can be easily verified by direct evaluation) reads that S is torsion-free, iff the bracket of every two constant vector fields vanishes. Hence a vertical parallelism Φ on Y can be viewed as a system of absolute parallelisms Φ x on the individual fibers Y x , x ∈ M . For Ψ = (Γ, Λ, Φ, ∆), (4), (6) and (12) imply directly
